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Abstract 

We use twenty-five years of tax records for the Norwegian population to study the mobility of wealth 

over people’s lifetimes. We find considerable wealth mobility over the life cycle. To understand the 

underlying mobility patterns, we group individuals with similar wealth rank histories using agglomerative 

hierarchical clustering, a tool from statistical learning. The mobility patterns we elicit provide evidence of 

segmented mobility. Over 60 percent of the population remains at the top or bottom of the wealth 

distribution throughout their lives. Mobility is driven by the remaining 40 percent, who move only within 

the middle of the distribution. Movements are tied to differential income trajectories and business 

activities across groups. We show parental wealth is the key predictor of who is persistently rich or poor, 

while human capital is the main predictor of those who rise and fall through the middle of the distribution. 
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1. Introduction

Do rich and poor people remain that way throughout their lives? Is it typical for people

to experience reversals of fortune moving up or down the wealth distribution? If so,

how large are the reversals, and when do they happen? These movements across the

wealth distribution reflect the outcomes of critical events and choices in people’s lives,

including their human capital accumulation, earnings, and business activities. Wealth

mobility thus speaks to the opportunities that people face.1 However, despite growing

evidence on the dynamics of wealth concentration for the wealthiest,2 we know little

about the life-cycle dynamics of wealth mobility for the population as a whole.

Our main contribution lies in documenting wealth mobility over the life cycle. We

conduct a comprehensive study of the complete distribution of lifetime individual

wealth trajectories, which we construct using 25 years of administrative data from the

Norwegian tax registry (1993–2017). We find increasing wealth mobility over the life cycle,

so that an individual’s initial position in the wealth distribution matters less as they age.

Only one-fourth of individuals are in the same quintile of the distribution after 25 years.

However, this population trend does not, by itself, tell us much about the underlying

life-cycle patterns that drive it. Who is actually moving? And how?

To answer these questions, we elicit typical life-cycle wealth trajectories from the

distribution of wealth histories using agglomerative hierarchical clustering, a tool from

statistical learning that groups individuals based on their full realized trajectories. We

group individuals into four main groups, whose typical trajectories explain more than

one-half of the variation in wealth histories. We also study the heterogeneity within
1Low wealth mobility can be a symptom of limited equality of opportunity and can exacerbate the

effects of high inequality. In the context of income inequality, Alan Krueger, then Chairman of the Council
of Economic Advisors under President Obama, remarked that “if we had a high degree of income mobility
we would be less concerned about the degree of inequality in any given year” (Krueger 2012, pg. 3).

2See Gomez (2023) for evidence from the Forbes 400 list and Ozkan, Hubmer, Salgado, and Halvorsen
(2023) for evidence on the top 0.1 percent of Norwegian wealth holders. Quantitative analysis of the
origins of the wealthiest individuals dates back to at least to Wedgwood (1929).
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these groups by exploiting the hierarchical nature of our clustering methodology.

The mobility patterns we uncover show that increasing wealth mobility over the

life cycle is not broad-based and is not driven by movements spanning the whole

distribution. Instead, it comes from a combination of two largely immobile groups

(60 percent of the population) that stay relatively rich and poor, and two groups that

undergo large transitions that are nevertheless contained to the middle of the wealth

distribution.3 The two groups driving increasingmobility along the life cycle experience

a reversal of fortunes as they age, with one rising through the distribution and the other

falling. We interpret these patterns as evidence of segmented wealth mobility: mobility

takes place only for some groups of individuals and within a section of the distribution.

Further, we establish howdifferent economic factors—such as portfolio composition,

sources of income, family structure, and inheritances—relate to the large gaps in wealth

accumulation between groups. We find that, while property is the primary asset for all

groups, there are important differences in business assets and private equity. These

assets are concentrated in the top and falling groups, which aligns with their higher

rates of self-employment. Notably, risers engage in less business activity and instead

rely on employment income as they move up the distribution. Their labor income is

higher than that of the fallers, and their household incomes match those of the top

group (that has a larger share of capital income). By contrast, fallers have similar, but

ultimately less successful, entrepreneurial activities compared to those at the top. The

individuals at the bottom of the distribution are very different from the others: their

incomes are persistently lower, they stay renters throughout their lives, and they rarely

own businesses.

Turning to the composition of our main groups, we look into their most
3Differences in realized wealth rank trajectories correspond to meaningful differences in levels

reflecting the high degree of wealth inequality in Norway. For instance, the gap at age 55 between the
two groups in the middle of the distribution represents a difference in their net worth of almost 600,000
US dollars.
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representative subgroups exploiting the hierarchical nature of our clustering

algorithm. Those rising mostly differ in the timing of their movements, with subgroups

experiencing similar gains in relative wealth positions but at different ages, a pattern

we relate to their educational attainment. On average, the risers are in the 40th

percentile of the wealth distribution around age 30 and climb to the 70th percentile by

age 55. There is substantially more heterogeneity in the internal patterns of those

falling through the distribution. Two subgroups are continuously falling; the one

experiencing the largest fall goes from the 75th to the 38th percentile between ages 30

and 55, a pattern we tie to declining business performance. A third group experiences a

rapid rise by age 45 but later falls back down; these movements coincide with high

early marriage rates and late divorce rates. We explore the heterogeneity within all

major groups in Section 6.

Finally, we contrast the role of individuals’ circumstances, including parental wealth

and education, in predicting full wealth rank histories.4 We find an important and

nonlinear role for family background. Individuals born to parents at the top of the

wealth distribution are almost 30 percentage points more likely to be part of the group

that is persistently at or near the top of their own generation’s distribution, compared

to those born to parents at the bottom of the distribution. In contrast, those born to

parents at the bottom of the distribution are not only likely to be poorer at a given age;

they are also more likely to be persistently poor throughout their lives.

However, parental wealth plays a more limited role for individuals who experience

a rise or fall through the distribution. For these individuals, education is the main

predictor of their evolution. Highly educated individuals are markedly more likely to

rise through the wealth distribution as they age. By contrast, even after controlling for
4Our exercise moves beyond standard measures of intergenerational mobility that compare the rank

of different generations at a similar point in their life cycle, thus, relying on a snapshot of their wealth
trajectory to infer mobility (see, for example, Chetty et al. 2014; Fagereng, Mogstad, and Rønning 2021).
We instead ask whether individual characteristics can predict complete life-cycle histories.
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their parental background, those without post-secondary education are between 5 and

10 percentage points more likely to be fallers than those with at least undergraduate

degrees. Overall, parental wealth and human capital each account for 40 percent of the

explained variation in group membership—highlighting the importance of hereditary

advantage in wealth dynamics (Becker and Tomes 1979).5

These results provide a novel approach to studying intergenerational mobility in

terms of entire life-cycle histories. We find declining intergenerational mobility along

the life cycle, so that the wealth ranks of individuals move closer to their parent’s ranks

as they age. Not only does thismirror the intragenerationalmobility trendwe document,

but we find that the same individuals drive both population trends. As risers rise and

fallers fall, their reversals of fortune drive increasing intragenerational and decreasing

intergenerational mobility.

The main methodological contribution of the paper is to propose a data-driven

approach to summarizing heterogeneous mobility in large-scale datasets. The

agglomerative hierarchical clustering algorithm we employ works by recursively

grouping individuals with similar wealth-rank histories.6 This process results in a

global hierarchy of clusters that minimizes the distance between the paths taken by

individuals in each group, making use of the whole vector of realized wealth ranks.

Crucially, our methodology allows us to characterize mobility patterns without

resorting to a single summary statistic; it also does not require us to specify which

observable characteristics determine the groups or to rely on a specific parametric

model for the evolution of wealth. To the best of our knowledge, this approach has not

been applied to the study of mobility prior to this paper.
5Our results also complement those in Huggett, Ventura, and Yaron (2011), who study lifetime

inequality using a model-driven approach. Although we focus on mobility, we both find important
roles for human capital and initial conditions including the initial wealth level of individuals.

6See Hastie, Tibshirani, and Friedman (2009, ch. 14) for an introduction to clustering; Borysov, Hannig,
and Marron (2014), and Egashira, Yata, and Aoshima (2024) derive asymptotic properties of hierarchical
clustering.
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Related literature. We provide new evidence on wealth mobility along the life cycle,

not only measuring the degree of persistence in individuals’ positions in the wealth

distribution but also the ways in which individuals move by characterizing their typical

trajectories. In doing so, we complement an extensive literature on the dynamics of

earnings over the life cycle (see, for instance, Arellano, Blundell, and Bonhomme 2017;

De Nardi, Fella, and Paz-Pardo 2020; Guvenen, Karahan, Ozkan, and Song 2021; and

Guvenen, Kaplan, Song, and Weidner 2022) and across generations (see, for instance,

Solon 1992; Chetty, Hendren, Kline, Saez, and Turner 2014; Chetty, Grusky, Hell,

Hendren, Manduca, and Narang 2017; and Halvorsen, Ozkan, and Salgado 2022).

Relatedly, Hurst, Luoh, Stafford, and Gale (1998) study how saving behaviour differs

over a decade by race, education, household demographics, and initial wealth using

the Panel Study of Income Dynamics. We, instead, study mobility with wealth

trajectories over 25 years without conditioning on specific variables.

We also contribute to the literature on intergenerational mobility in wealth (see, for

instance, Charles and Hurst 2003; Boserup, Kopczuk, and Kreiner 2017; Adermon,

Lindahl, and Waldenström 2018; and Fagereng, Mogstad, and Rønning 2021). Our

methodology allows us to go beyond comparing across generations at a given point in

their life cycle by considering the full wealth histories of individuals. We show that

both parental background and the individuals’ positions in the wealth distribution near

the beginning of their work-life have long-lasting impacts on the wealth trajectories of

individuals. Intergenerational mobility declines over the life cycle as children’s relative

positions in their own generation converge toward those of their parents.

Our analysis is made possible by longitudinal data characterizing the distribution of

wealth histories compiled by Statistics Norway. Observing individuals over long periods

of time is crucial for studying the nature of wealth accumulation and prior contributions

have used this data to investigate the role of return heterogeneity (Fagereng, Guiso,

Malacrino, and Pistaferri 2020), differences in saving behaviors (Fagereng, Holm, Moll,
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and Natvik 2019), the importance of gifts and inheritances for lifetime resources (Black,

Devereux, Landaud, and Salvanes 2022), and the relationship between wealth and

lifetime income (Black, Devereux, Landaud, and Salvanes 2023). In related work, Ozkan,

Hubmer, Salgado, and Halvorsen (2023) focus on the drivers of wealth accumulation

among thewealthiest 0.1 percent at age 50 looking backward at their lifetime trajectories.

We complement these papers by characterizing the life-cycle paths of individuals across

the entire wealth distribution, including those with rising, falling, and stable paths. Our

findings, therefore, contribute to our understanding of wealth inequality and mobility

beyond the dynamics of wealth accumulation at the very top.

The clustering method we employ constitutes a feasible way to study trajectories

of longitudinal outcomes, such as mobility, in large panel datasets. It also allows us to

decompose commonly used summary measures of mobility, such as the OLS coefficient

in a rank-rank regression. Similar approaches have been used in sociology to summarize

mobility between discrete states (Dijkstra and Taris 1995; McVicar and Anyadike-Danes

2002; Dlouhy and Biemann 2015).

In economics, clustering has been used to analyze sorting and transitions in the

labor market (see, among others, Bonhomme, Lamadon, and Manresa 2019; Gregory,

Menzio, and Wiczer 2021; Humphries 2022; and Ahn, Hobijn, and Şahin 2023) and to

identify latent heterogeneity, as in Lewis, Melcangi, and Pilossoph (2021). Many of

these applications use variants of K-means clustering, whose asymptotic properties are

derived in Bonhomme and Manresa (2015) and Bonhomme, Lamadon, and Manresa

(2022). Relative to these methods, our approach provides a global hierarchy of

partitions that facilitates studying within cluster heterogeneity without imposing

computational burdens in the analysis of large datasets. Although hierarchical

clustering is our preferred approach, we show in Section 8 that our main results hold

with K-means clustering.
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2. Data: a panel of wealth histories for the Norwegian population

We employ data from the Norwegian tax registry between 1993 and 2017 and its

associated population characteristics files. We are able to link these various datasets at

the individual and household levels using unique (anonymized) identifiers. The

resulting data contains information on wealth (net worth), assets, debt, income, and a

variety of individual characteristics.7We report monetary values in 2019 US dollars.

The coverage and properties of the Norwegian administrative datasets it apart from

survey and administrative data available in other countries andmakes it uniquely suited

to the study of wealth mobility over the life cycle. We start by highlighting the key

strengths of our data.

First, Norway has recorded wealth in its tax returns since 1993, providing us with

a long panel with twenty-five years of observations. This long panel allows us to track

individuals over important phases of their life cycles. Tracking individuals is crucial to

understand mobility over long horizons and to differentiate the life-cycle trajectories

experienced by individuals, as we do when we document the trajectories of wealth

mobility using our clustering procedure.

Second, the Norwegian income and wealth tax records cover the entire population.

We therefore construct accurate measures of an individual’s rank in the wealth

distribution, within cohorts and the population at large. Furthermore, the data covers

individuals at the very bottom and top of the distribution, who are typically difficult to
7The quality and detail of this data have proven useful in a variety of studies. More information on the

Norwegian administrative wealth data can be found in Fagereng, Guiso, Malacrino, and Pistaferri (2020),
Fagereng, Mogstad, and Rønning (2021), and Fagereng, Holm, and Natvik (2021). Additionally, Blundell,
Graber, and Mogstad (2015) provide a detailed discussion of income tax records.
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capture in survey data.8 Moreover, most of the components of income and wealth are

third-party reported and are not top- or bottom-coded, eliminating concerns about

measurement error from self-reporting and censoring that are common in survey data.

Third, we are able to link individuals within households and across generations, as

well as to their demographic and educational information. This wealth of information

lets us link trajectories of wealth mobility to the individual circumstances that help

determine them, such as parental background and educational attainment.

2.1. Wealth and asset data

We observe each individual’s assets, debt, and net worth, as reported in their wealth tax

return. These are individual returns, where the value of assets jointly owned by a couple

is split equally between each partner. We focus our analysis on wealth at the individual

level, but we also report robustness results for wealth at the household level. Using

individual level data allows us to consider how mobility varies with sex as well as to

track individuals through household formation and dissolution. In Section 6.4, we show

that these dynamics are related to the mobility patterns of subgroups of individuals.

We also observe the value of various asset classes included in individuals’ wealth tax

returns. However, the returns do not include transactions within classes. The single

largest asset formost individuals is housing.We adjust housing values using the reported

values in Fagereng, Holm, and Torstensen (2020) treating condominiums and other

properties separately.9We aggregate primary residences, secondary residences and

leisure properties, and foreign residences into a property-asset class. Finally, we define
8This problem has led to methods that oversample the tails of the distribution. These methods are ill-

suited to the focus of our study. For example, the U.S. Panel Study of Income Dynamics oversamples lower
income households (the Survey of Economic Opportunity households), while the Survey of Consumer
Finances oversamples wealthier households. Researchers often resort to ad hoc methods to build more
accurate measures of the upper tail of the wealth distribution, for example, by augmenting the Survey
of Consumer Finances with the Forbes 400 list of the 400 richest Americans or estate tax data (see, for
example, Vermeulen 2016). Davies and Shorrocks (2000) provide an extensive review of these methods.

9We thank Fagereng, Holm, and Torstensen for providing us with updated adjustment values covering
our sample period.

8



a home ownership indicator excluding secondary and foreign properties.

The other asset classes included in the tax returns are vehicles, public and private

equity, and safe assets. Vehicles includes cars and boats. Public equity is defined as

directly owned stocks that are traded on the Norwegian Stock Exchange. Private equity

includes the value of business assets and unlisted stocks. Our measure of safe assets

includes government bonds, checking accounts, and shares in money market and

mutual funds.10 A person’s wealth tax return also lists foreign non-property assets and

a residual class that includes hard-to-value assets, such as jewellery and paintings—we

include these two classes in wealth, but do not report results for them in the paper.

Two types of assets are missing from our data. First, assets individuals choose to

obscure from the tax authority. Although third-party reporting should minimize

opportunities for tax evasion, these assets are not observed in tax data by definition.

Second, we lack information on pension entitlements, including employer-provided

pension plans. Private pensions represent less than 20 percent of all pensions in

Norway, while pay-as-you-go public pensions makes up the remaining 80 percent

(Ozkan, Hubmer, Salgado, and Halvorsen 2023).11

2.2. Additional data: income and demographics

We also use high-quality information on individual incomes from income tax records,

analogous to the wealth tax records described in the preceding section. These records

allow us to study gross and net income. Furthermore, we observe several components

of income, including wage earnings, self-employment earnings, capital income, and

transfers from social assistance programs. We relate income and wealth profiles in our

analysis.
10We view the last of these items as less safe than government bonds and deposits; however, data

restrictions prevent us from considering an alternative definition where we pool this with public equity.
11Pay-as-you-go pensions are annuities, and do not constitute wealth that can be accessed or pledged as

collateral by working-age households. Hence, they are not included in wealth tax records. See Fagereng,
Holm, Moll, and Natvik (2019, Appendix C.6) for details of the Norwegian Public Pension system.
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We also have access to detailed information on individual education levels and fields

of study, according to the Norwegian Standard Classification of Education (NUS2000).12

This classification provides nine levels of education, ranging from no education to

post-graduate PhD level, as well as 350 fields of study.

In addition, we merge several key demographic variables. These include individual

attributes such as date, place, and sex at birth, as well as parents’ identifiers, date of

death, and immigration status. Finally, we observe the individuals’ civil status, as well

as their cohabitation status for each tax year as recorded by Statistics Norway (SSB).

This lets us classify individuals as cohabiting (or married), divorced, and widowed.

2.3. Sample selection

We begin with the universe of Norwegian tax residents at any point between 1993 and

2017. We then create a broad cross-cohort sample with individuals born after 1905

(Norwegian independence) and before 1990. We also exclude individuals with short

panels, specifically, those who ever emigrated from Norway and those who either

immigrated after the age of 25 or who arrived after 2011.

Our main sample is the 1960–64 birth cohort. We use this sample to calculate the

within-cohort wealth ranks that represents our main object of interest.13 This birth

cohort is first observed in its early thirties in our data (1993–2017) and is therefore

observed for a significant fraction of their work lives. In addition, this cohort is not

affected by the changes in the compulsory school age taking place in 1959. This reform

was not implemented uniformly across place and time; see Black, Devereux, and
12See https://www.ssb.no/en/klass/klassifikasjoner/36.
13To illustrate the value of ourNorwegian administrative data, our sample selection criteria yield 292,222

individuals in the 1960–64 birth cohort. By contrast, and before imposing any additional restrictions,
there are only 1,463 unique households in the Panel Study of Income Dynamics (PSID) in the same birth
cohort, and their level of wealth is only observed consistently since 1999, implying an average of just
six consecutive wealth observations (ten years) for any given head of household. Hurst, Luoh, Stafford,
and Gale (1998) study a similar question to us using three observations from the PSID between 1984 and
1994, pooling all cohorts together to increase the sample size. They thereby capture both the effects of
the age-profile and mobility among peers.
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Salvanes 2005; and Bhuller, Mogstad, and Salvanes 2017 for more details.

Finally, we further restrict the sample to ensure that it is balanced over our 25-year

panel when analyzing complete wealth trajectories, leaving a total of 279,002 individuals.

Our balancing eliminates attrition driven by migration and mortality. Given the age

range we consider, increasing mortality in late middle age drives a large share of this

sample selection criteria.

3. Measuring wealth mobility along the life cycle

We now turn to using this panel of wealth histories to measure wealth mobility over

the life cycle. We begin by measuring the persistence of individuals’ rank in the wealth

distribution as they age.

3.1. Wealth ranks and the Norwegian distribution of wealth

For our cohort of interest, we construct yearly individual ranks of net worth using the

unbalanced subsample from 1993 to 2017. Formally, given individual i’s net worth in

year t, wi,t, we compute ranks within the 1960–64 birth cohort for each tax-year as

yi,t = 100× Fw
(
wi,t | t, i ∈ Birth Cohort: 1960–64

)
, (1)

where Fw denotes the empirical cumulative distribution of wealth. We multiply by 100

to express ranks on a percentile scale. Crucially, all comparisons use other individuals

of the same cohort as the reference group. As a result, our rank measure is not affected

by cross-cohort or cross-age comparisons.14

Ranks have several attractive properties over alternativemonotonic transformations
14Importantly, doing this also purges ranks from time effects varying by age. For instance, all members

of our sample experience the effects of the 2008 global recession at approximately the same age. Therefore,
wedonot consider cross-cohort differences in patterns of life-cyclewealth accumulation (see, for example,
Gale, Gelfond, Fichtner, and Harris 2021; and Paz-Pardo 2024, who document these changes in the U.S.).
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net worth. The only part of the distribution in which rank changes do not translate

into substantial movements in wealth levels is the narrow window around zero wealth

(15th–20th percentile). Moreover, changes in rank reflect meaningful differences in

wealth even at younger ages, when our cohort is less wealthy than the population at

large (see Appendix A).

3.2. Rising wealth mobility along the life cycle

We now measure intragenerational wealth mobility: to what extent do individuals

transition across the wealth distribution over their lives? We measure life-cycle wealth

mobility with the persistence of individuals’ rank in their cohort’s wealth distribution.

This persistence summarizes the evolution of the histories of wealth ranks across the

population. For instance, these histories indicate high persistence (and low mobility)

when individuals tend to remain in the same relative positions within their cohort

throughout their lives.

We use twomeasures of rank persistence. First, we use the auto-correlation of ranks

as individuals age with respect to their initial position in the wealth distribution. We

compute these auto-correlations by regressing the rank in each year of our sample,

yi,t, on their rank when first observed in 1993, yi,1993.16 Second, we use the Shorrocks

(1978) index of mobility given by the share of individuals who remain in their initial

quintile of the wealth distribution as they age. This provides age-varying measures for

the persistence of individuals’ position in the wealth distribution. For both measures, a

persistence of one indicates that there is no mobility, and individuals do not change

their position relative to the wealth of others. A lower persistence implies moremobility

in the individuals’ rank (or quintile).
16Formally, we estimate yi,t = αt +ρt yi,1993 +ui,t. Chetverikov andWilhelm (2023) derive the asymptotic

distribution of the rank-rank OLS slope under several alternative assumptions, such as the presence or
absence of ties in the ranked variables or additional covariates.
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myriad of wealth trajectories experienced by individuals through their lives into a single

aggregate time series; they necessarily obscure the heterogeneity in trajectories across

the population. Some of these trajectories correspond to individuals with relatively

stable ranks (and low mobility) and some to individuals who undergo large changes,

rising or falling through the wealth distribution. Put another way, the trends in Figure 2

tell us that rank changes occur, but they contain no information about the shapes of

individuals’ typical wealth histories, how frequent stable or changing trajectories are,

or what the usual timing and magnitude of rank changes are.

To understand the underlying life-cycle patterns of wealth behind increasing

mobility, and the economic mechanisms that shape them, we move to analyze the

distribution of wealth trajectories. We do this by decomposing the 1960–64 birth cohort

into groups with typical life-cycle trajectories that capture the variation in wealth

histories, as we explain next. We show that these typical trajectories also capture

persistent differences in mobility, describing a pattern of segmented wealth mobility.

4. Grouping life-cycle trajectories of mobility

Our key object of interest is the degree and timing of wealth mobility over the life cycle

of individuals, which wemeasure using the distribution of wealth rank histories. In this

section, we describe our empirical approach to studying this high-dimensional object:

we use hierarchical agglomerative clustering to group individuals and recover a limited

number of typical wealth trajectories.18 In a second step, we study the characteristics

of each group and relate them to their wealth trajectories.

The trajectory of an individual through the wealth distribution over the duration of
18It is possible to include other outcomes or covariates that differ across groups, such as their income

or portfolio composition. However, in practice, doing this may introduce more noise than additional
information; accordingly, we focus on wealth ranks in our main analysis.
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the panel is described by the vector of ranks:

Yi = ( yi,1993, yi,1994, . . . , yi,2016, yi,2017) ∈ [0, 100]25 , (2)

where yi,t is the within-cohort wealth rank of an individual as defined in equation (1).

The distribution of Yi across the population is a high-dimensional object, and we

therefore proceed by reducing this object to a small number of groups. We recover a set

of G > 1 disjoint groups (or clusters) of individuals, so that each individual i is assigned

to one of these groups, gi ∈ {1, . . . ,G}. This induces a partition GG = {gi}Ni=1 over the set

of individuals.

Specifically, we define groups of individuals with similar life cycles of wealth

mobility using an agglomerative hierarchical clustering algorithm. Hierarchical

clustering works recursively, starting from the lowest level of hierarchy, where G = N

and each observation is assigned to its own group, and sequentially combining (or

agglomerating) one pair of groups in each iteration. This process results in a hierarchy

of partitions ranging from G = N to G = 1. At each level of hierarchy G > 1, the algorithm

creates the partition at the next level GG–1 by combining the two groups with the lowest

dissimilarity. We use Ward’s method to agglomerate clusters and adopt the total

within-cluster variance as the dissimilarity metric:19

argmin
g,g′∈G, g ̸=g′

d
(
g, g′

)
=

√
2NgNg′
Ng + Ng′

×
∥∥∥Ȳg – Ȳg′∥∥∥

2
, (3)

where g and g′ are disjoint groups, Ng denotes the number of observations in group g,

19Alternative specifications of the dissimilarity metric, including maximum or median distance, are
also possible. See Humphries (2022) for another application of Ward’s method in the context of Sequence
Analysis, where it is used to cluster panel data with discrete states. We produce our Agglomerative
Hierarchical Cluster Tree using Matlab, see https://www.mathworks.com/help/stats/linkage.html.
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and Ȳg is the centroid (average) of the observations in group g.20

Crucially, we use the complete vector of ranks Yi when grouping the life-cycle

trajectories of mobility. Doing this has the key advantage that we do not need to assume

that only a subset of the elements of Yi are informative, as is the case when focusing on

transitions over fixed horizons. Neither do we need to reduce the dimensionality of the

object of interest to a single summary statistic, such as the rank persistence.

Selecting the number of groups. A key feature of our hierarchical clustering algorithm,

which distinguishes it from other commonly used algorithms like K-means, is that we

do not need to pre-specify the number of groups to study.21 Instead, implementing

the algorithm recovers a complete hierarchy of nested groups. This makes it easy to

study typical trajectories for any number of groups and to decompose the heterogeneity

within each group by exploiting the nested structure. Therefore, we select the number

of groups for our main analysis after we obtain the full hierarchy.

Selecting the baseline number of groups used in our analysis requires that we trade

off two objectives: (i) having enough groups to represent the distribution of wealth

rank histories, and (ii) having a parsimonious description of trajectories. Fewer groups

provide a more easily interpretable picture of wealth mobility but may obscure relevant

variation in the trajectories of the group’s members.

We operationalize our choice of the number of groups, G, using the R2 measure,

corresponding to the share of the variation in individual trajectories explained by

the cluster average (or typical) trajectory. For a partition GG = {gi}Ni=1 over the set of

20Given a set of underlying groups G⋆, a classifier is asymptotically consistent if, as the length T of
observed trajectories increases, the classifier does not produce mixtures over these groups until it is
asked to provide a partition into G < G⋆ groups. Borysov, Hannig, and Marron (2014) show this is the case
for Ward’s method as either T/N → ∞, with T growing faster than N, or only T → ∞, when the true group
specific densities are jointly normal. For fixed population size N, Egashira, Yata, and Aoshima (2024)
strengthen these results for arbitrary densities. These results highlight the importance of long panels
such as ours that provide sufficiently long enough trajectories to distinguish among groups.
21We discuss these differences and report results under alternative clustering approaches in Section 8.
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increases the R2 from 50 percent to 65 percent.22 Using four groups therefore captures

typical wealth accumulation trajectories well, given our objective to summarize the

joint distribution of wealth over an individual’s work life, and we select them as our

baseline.

The nested nature of our clustering algorithm allows us to transparently illustrate

how our baseline choice of G = 4 groups affects our findings. The hierarchy of groups is

summarized by the dendrogram in Figure 3B. Each of the small branches at the bottom

represents smaller clusters obtained at the step G = 14, and the tree shows how they are

recursively aggregated up (agglomerated) by the procedure into a single cluster (G = 1).

We highlight in different colors the four baseline groups that we select. We can then

directly assess how sensitive these groups are to alternative values of G. For instance,

G = 5 splits group 4 in two, while G = 3 would merge groups 1 and 2. It is therefore

straightforward to see which groups are closest through the lens of the procedure. We

study the wealth trajectories of the main subgroups of our baseline groups in Section

6.4 and in Appendix B.4.

5. Segmented wealth mobility

We group individuals who experience similar trajectories through the wealth

distribution as they age, using agglomerative hierarchical clustering. The resulting

typical trajectories of wealth experienced by individuals in our four baseline groups

imply very different mobility patterns. We show that these patterns are the results of

segmented mobility among the individuals in our sample, with two of the groups

driving the trend of increasing intragenerational mobility described in Figure 2.
22The R2 defined in (4) is a function of the variation between groups, captured by the between R2, and

within groups, captured by the within R2. The between R2 captures how dissimilar the typical (average)
trajectories are across groups, and it is a good indicator of whether the groups are meaningfully different.
The between R2 for G = 4 groups is close to 80 percent. The within R2 captures howmuch underlying
heterogeneity is there inside the groups. The within R2 for G = 4 groups is close to 15 percent, but it more
than doubles for G = 14 groups. We discuss these measures in Appendix B.1.
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5.1. Typical wealth trajectories over the life cycle

We begin by reporting the typical wealth rank trajectories of the individuals in each of

our four main groups in Figure 4. The typical trajectories have groups remaining at the

bottom, in the middle, and at the top of the distribution across their life cycle, with the

groups in the middle exhibiting rising and falling trajectories, respectively. Moreover,

despite within-group heterogeneity, the interquartile range of the rank distribution

for each group reveals that individuals’ movements lie within segments of the wealth

distribution. We interpret these patterns as evidence of segmented wealth mobility.23

Two groups of individuals, which we label “high-ranked” and “low-ranked,” start

their lives at the top or the bottom of the wealth distribution and tend to stay there. They

make up 21 and 42 percent of the cohort, respectively. This does not imply that their

wealth rank is fully stable (as we show in Section 6.4) but that it tends to stay within the

upper or lower part of the wealth distribution, as made clear by the small changes in

the interquartile range of the distribution of ranks.

The other two groups, which we label “middle-rise” and “middle-fall”, correspond

to the remaining 21 and 15 percent of the cohort, respectively. They stay in the central

part of the distribution, but have, respectively, increasing and decreasing wealth rank

trajectories. These trajectories lead them to overlap with the high-ranked and low-

ranked groups by age 55. Crucially, the reversal of fortune experienced by these groups

is the key driver behind the population intragenerational mobility trend documented

in Section 3. As we expand on later, the trajectory of the risers is the main driver of

increased mobility along the life cycle and contrasts with the relatively lower mobility

of the high- and low-ranked groups. In this way, mobility is not universal; rather, it is

limited to segments of the population.
23The same patterns arise under alternative clustering algorithms and for alternative outcomes, in

particular, when clustering on variables that put more weight on differences in wealth levels, relative to
the rank trajectories used in our main exercise. We discuss these alternatives in Section 8.
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By contrast, mobility is higher for the groups of risers and fallers, reflecting large

changes in ranks over the life cycle that result in low and even negative rank auto-

correlation. This pattern is strongest for the group of risers, for whom reversals of

fortune happen relatively quickly (within the first 15 years of our panel) and whose

rank-rank persistence measure eventually becomes negative. For this group, initial

wealth rank is actually a negative predictor of future wealth ranks. For the group of

fallers, persistence declines to zero, implying that their initial position in the wealth

distribution has a very low correlation with their wealth rank at later stages in life.

Overall, we find that the trend of increasing intragenerational mobility that we

document in Figure 2 is not driven by broad-based mobility across the population or by

large reshuffling across the distribution. Instead, the trend comes from a combination

of stable groups at the top and bottom of the distribution and two groups undergoing

relatively large transitions that are nevertheless contained to the middle segment of

the wealth distribution. In essence, mobility is segmented, taking place for only some

groups of individuals and within a section of the distribution.

6. Heterogeneity across and within groups

We now turn to exploring the ex post life-cycle characteristics of each of the four

main wealth mobility groups, as well as the underlying heterogeneity revealed by their

respective subgroups. We leverage the information available in the Norwegian Registry

data to consider the main drivers of wealth accumulation over an individual’s work life.

Specifically, we look at sources of income, entrepreneurship, portfolio composition,

marriage and divorce, and inheritances. We choose these factors because they have

been shown to be key determinants of wealth accumulation and wealth inequality in

the literature (De Nardi and Fella 2017; Kuhn, Schularick, and Steins 2020; Hubmer,

Krusell, and Smith 2021).
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We find important differences across groups that help explain their divergent

wealth accumulation and mobility patterns. However, the typical trajectories we

recover encapsulate a wide variety of heterogeneous life-cycle events and choices.

Consequently, we find no single factor that, in isolation, can account for these

differences. Instead, we find that by dividing (and subdividing) the cohort, we identify

more granular heterogeneity across and within groups. We summarize the resulting

patterns next.

6.1. Portfolio composition

Figure 7 describes the portfolio composition of our four main groups. Panel A reports

the share of assets accounted for by property, private business assets, financial assets

(stocks, bonds, or bank accounts), and a residual category including vehicles and foreign

assets.25

Property represents the majority of household portfolios across all groups; its share

increases slightly as homeownership rates increase. The increase in homeownership

occurs in all groups as individuals age, but the age profiles differ markedly (Figure 7B).

Fallers are much more likely to be homeowners than risers up to age 45, when their

homeownership rates converge. This finding is consistent with the higher initial asset

position of fallers and the accumulation of wealth by risers out of labor income. As

for the low-ranked groups, their homeownership rate starts from 25 percent (a similar

level as the risers), but it ultimately stalls at around 50 percent—well below the level of

the other groups that have rates over 80 percent by age 55.

The portfolio composition of the high-ranked group stands out because of the lower

shares of property assets in their portfolio and correspondingly higher shares of private

business wealth, relative to the other groups. This pattern is driven by differences in
25We find that the differences in net worth shown in Figure 5 mostly reflect differences in the

accumulation of assets and not debt. Trajectories of debt showmuch lower dispersion and levels than
the trajectories of assets, as we show in Figure B.3 in Appendix B.3.
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at the top of the wealth distribution; however, they do not play an equally important role

for individuals rising through the middle of the wealth distribution. The accumulation

of property out of labor income is instead the main driver for the latter group, in line

with the findings of Kuhn, Schularick, and Steins (2020) for the U.S.

Finally, wealth accumulation is also partially affected by intergenerational transfers,

such as inheritances. Although we do not have direct information on all such transfers,

the registry data does report whether individuals have received gifts or inheritances

from a single source exceeding 470,000 NOK (about 45,000 US dollars) over their lives.

Figure 7D shows that the share of individuals that received an inheritance by age 55

ranges from 7 in the low-ranked group to 17 percent in the high-ranked group. In the

same context, Black, Devereux, Landaud, and Salvanes (2022) find gifts and inheritances

represent a small fraction of an individual’s net wealth at any point in time.26

6.2. Income trajectories

The income profiles of our main four groups are broadly consistent with the patterns

of wealth mobility described previously, as we show in Figure 8. Nevertheless, the

differences in income (levels and ranks) are smaller than the differences in wealth

documented in Figures 4 and 5. Looking at income ranks, there is a 20-rank gap

between the average profile of individuals in the high- and low-ranked groups. This gap

is significant, but smaller than the 30- to 55-rank gap between the groups’ wealth rank

profiles.27

Despite smaller differences in income than in wealth, it is clear that the trajectory

of income throughout individuals’ working lives plays a relevant role in wealth mobility.
26Our results, and Black et al.’s, differ from Adermon, Lindahl, andWaldenström (2018) who emphasize

the importance of intergenerational transfers in the form of bequests and gifts in Swedish data. Consistent
with the results we document below, they also find an important role for human capital.
27The income rank gap between the high- and low-ranked groups translates into the income of those

in the high-ranked group being, on average, 60 percent larger than that of the low-ranked group at age 30
and over 90 percent higher by age 55. The wealth of the high-ranked group is always at least ten times the
wealth of the low-ranked group.
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in all groups.28 The high-ranked group is the only one for which capital income and

self-employment income represent a sizeable part of their resources (up to 30 percent

on average). Indeed, over 20 percent of the individuals in the high-ranked group have

income from self-employment at age 45 (Figure 8D), more than double than in the

low-ranked group. Similarly, the fallers are more likely to be self-employed than the

risers (16 percent compared to 11 percent).

6.3. Household characteristics

We also track the civil status of individuals in each group. Figure 9A reports the share of

individuals who are married, cohabiting, and single at several points during the panel.

Although individuals in the low-ranked group are slightly more likely to be single, we

find relatively limited differences across groups. By age 45, over 80 percent of individuals

in all groups are married or cohabiting.

The high rates of marriage and cohabitation make the trajectories of household

income that we report in Figure 9B relevant for the accumulation of wealth. To build

household income, we construct households based on marriage and cohabitation using

the complete population files; we assign to each individual in the 1960–64 birth cohort

their household’s income; and we equivalize using Organization for Economic Co-

operation and Development’s (OECD) equivalence scale based on the number of adults

and children in the household. We also compute household wealth ranks, reported in

Appendix B.3, and show that our main results are robust to using household wealth

instead of individual wealth in Section 8.

Wefind that the life-cycle profiles of household income reinforce, rather than reduce,

the differences in individual labor income across groups (Figure 8B). We find a large gap
28We focus on sources of earned income, excluding income from public sector benefit programs.

We show in Figure B.4 of Appendix B.3 that low-earning, low-wealth individuals are more likely to
be beneficiaries of these programs. For example, 10 percent of the individuals in the low-ranked
group receives unemployment benefits at age 40, and more than 20 percent receives disability benefits,
compared to less than 5 and 10 percent, respectively, in the high-ranked group.
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light pink. The typical trajectories of each subgroup inform us of how diverse are the

paths of individuals in the top, bottom, and middle of the wealth distribution.

Overall, mobility within each main group remains contained within segments of the

wealth distribution, even though there is overlap across groups. Specifically, mobility is

limited to the upper part of the wealth distribution for the high-ranked group, the lower

part for the low-ranked, and the middle for the risers and fallers. Thus, the trajectories

of the subgroups reflect the dispersion of trajectories shown by the interquartile range

in Figure 4. We now turn to describing the wealth mobility patterns that emerge for

each subgroup. We examine their characteristics further in Appendix B.4.

High-ranked subgroups. Within the high-ranked, we find a group of individuals who

are consistently at the top of the wealth distribution and two other groups that swap

relative positions over the life cycle.29 As with the baseline groups, we also find the

subgroups differ inmore than theirwealth levels. Individuals in the group at the top have

a consistently higher share of their wealth concentrated in privately held assets (such as

businesses) and earn a larger fraction of their income from capital (including dividends),

relative to individuals in the other two subgroups. By contrast, individuals in the rising

subgroup, labeled as “getting richer” in Figure 10A, have a larger fraction of their wealth

in property (although homeownership rates are similar across the subgroups) and labor

income makes up for the majority of their income. These characteristics make this

group more similar to the main group of risers than the rest of the high-ranked group.

Low-ranked subgroups. The three subgroups at the bottommove similarly to those

at the top. There is a subgroup of individuals that stay at the bottom of the wealth

distribution throughout their lives, and two groups that swap relative positions. We find
29The groups and subgroups produced by our empirical strategy are designed to capture typicalmobility

patterns. The resulting typical trajectories turn out to capture the behavior of relatively large groups of
individuals. For instance, the wealthiest group makes up 9 percent of our sample. See Ozkan et al. (2023)
for a detailed discussion of individuals in the top 0.1 percent of the Norwegian wealth distribution.
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these timing differences are related to the education choices of the individuals of each

subgroup. Not surprisingly, late risers are more likely to earn graduate degrees and

also take longer to acquire property, particularly relative to the “slow rise” subgroup.

Middle-fall subgroups. Finally, the three subgroups within this cluster capture

individuals who fall continuously through the distribution, who could not sustain their

rise, and who stalled, remaining around the median of the wealth distribution as they

aged. The largest subgroup is characterized by a larger share of business owners,

whose businesses produce a declining share of their income as they age, leading us to

label this group "business fall".30 The smaller subgroup has individuals who rise early

but then fall after age 45. These individuals marry younger, on average, and have

higher divorce rates relative to other groups; most of the increase in their wealth in

their late 30s is tied to a rise in their homeownership rate.

6.5. Summary of ex post group characteristics

The characteristics of the four main wealth clusters can be summarized as follows. The

high-ranked individuals are homeowners early on and more likely to have business

income. They also have the largest income levels across all groups. Conversely, the

individuals who remain at the bottom of the wealth distribution have the lowest labor

income and are less likely to own a home. Individuals falling through the wealth

distribution are more likely to have business income and to be homeowners at age 30,

but they have low household income. Finally, individuals rising through the wealth

distribution have higher labor income relative to the fallers (particularly so at the

household level) and become homeowners in their 30s and 40s.
30The continuous decline of this group is accentuated by a substantial drop when its members are

45 to 50 years old. This drop coincides with the timing of the 2008 global financial crisis, hinting at a
potential larger exposure of their businesses to foreign financial conditions.

33



7. Parental background, education, andmobility

We next consider individuals’ ex ante characteristics to determine whether the ex post

heterogeneity in life-cycle trajectories across groups can be predicted by factors

observed early in life. We specifically include characteristics emphasized in the

intergenerational mobility literature, such as parental wealth and birthplace (Boserup,

Kopczuk, and Kreiner 2017; Chetty et al. 2014) We also include education as another key

determinant of labor income and intragenerational mobility.

7.1. Ex ante determinants of groupmembership

We quantify the predictive power of parental wealth, education, sex, and place of birth

for group-assignment using a multinomial logit specification

Pr
(
gi = j

)
= F

(
α
j
0 + β

j
q(i) + γ

j
educ(i) + δ

j
subj(i) + λ

j
male(i) + µ

j
bcounty(i)

)
, (5)

where F(·) denotes the logit transformation. Specifically, we include ventiles of parental

wealth fixed effects, βjq(i).
31We also include education fixed effects (post-compulsory

high school, technical college, undergraduate, postgraduate, and doctoral degree),

γ
j
educ(i), and subject-specific fixed effects, δ

j
subj(i), for individuals with undergraduate or

graduate degrees. In practice, we aggregate the 350 degree-specific education codes into

six categories: arts and humanities; business, economics, and agriculturalmanagement;

computer science and engineering; natural sciences; health; and education specialists.

Finally, we include a sex fixed effect, λjmale(i), and birthplace fixed effects, µ
j
bcounty(i),

that allow for place-based differences among the Oslo metropolitan area, other major

cities, and rural regions, that are not captured by education choices and parental wealth.
31Formally, q(i) is the ventile of the richest parent of individual i in the parent’s own cohort wealth

distribution in 1993 at the start of our sample.
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parental background ismuch stronger for thehigh- and low-ranked groups relative to the

middle groups of risers and fallers. Individuals with wealthier parents are progressively

more likely to belong to the high-ranked group and less likely to belong to the low-

ranked group. An individual with parents in the top ventile of the wealth distribution

is 25 percentage points more likely to belong to the high-ranked group than one with

parents in the bottom ventile. The opposite is true for membership in the low-ranked

group. By contrast, individuals coming from all sorts of parental backgrounds are

almost equally likely to belong to the groups of risers and fallers up to parents in the

top quartile of the wealth distribution.

Figure 11 shows that, on average, parental wealth has a large effect on group

membership. Moreover, the relative contribution of parental wealth to correctly

classifying individuals is also high—accounting for over 40 percent of the fit of the

model in classifying individuals across groups; see Table C.1 in Appendix C.3. This

contribution takes into account how parental wealth varies jointly with other

individual characteristics. The contribution varies when classifying individuals of

different groups. It is 45 and 46 percent for the high- and low-ranked groups,

respectively, while it is only 20 percent for risers and 4.3 percent for fallers.33

Education. Figure 12 reports the estimated average partial effects of educational

attainment and field of study, along with their 95 percent confidence intervals. Higher

educational attainment is associated with a higher probability of belonging to the group

of risers, a much lower probability of belonging to the low-ranked, a lower probability

of being a faller, and has a limited effect on the probability of being in high-ranked
33In alternative specifications we add covariates informative of parental background, such as parents’

business ownership, and of the individuals’ initial conditions, namely homeownership and business
ownership and their initial wealth ventile. The average partial effects of the variables in (5) decrease 25
to 40 percent when conditioning on these extra variables, and the overall variation explained increases
four-fold. These effects are driven by the individuals’ initial wealth rank, consistent with the segmentation
pattern we describe in Section 5. We present these results in Appendix C.
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Appendix C.3. Education variables aremost relevant for the fit of themodel in classifying

risers, where it accounts for almost 55 percent of the fit; it accounts for almost 30 percent

for the high-ranked group.

Sex and birthplace. We find a limited role for sex and birthplace conditional on

parental wealth and education. Men are more likely to be in the high-ranked or falling

group and correspondingly less likely to be risers or low-ranked. The birthplace of

individuals has a small (but significant) effect on the probability of group membership.

Being born in one of the four largest Norwegian cities increases the probability of

being in the high-ranked or rising groups by close to 5 percentage points. Together,

these variables explain less than 20 percent of the fit of the model in classifying

individuals across groups, mostly because of sex differences in the groups’

composition. We report detailed results in Appendix C.

7.2. Relationship to intergenerational mobility along the life cycle

Our results show that parental background plays an important role in shaping the

life-cycle trajectories of individuals who are persistently at the top or bottom of the

wealth distribution; it is comparatively much less informative about individuals who

rise and fall through the middle of the distribution. This finding suggests that

single-age snapshots of intergenerational wealth persistence might understate

inequality of opportunity by not capturing the persistent effect of parental wealth on

some individuals.

Moreover, the limited effect of education on the probability of belonging to the

high-ranked group is noteworthy, especially when contrasted with the large effect of

parental background.While parental background is key to explaining why an individual

is persistently wealthy or persistently poor, education tells risers and fallers apart. We

take this as evidence that there are substantial barriers to upward social mobility in

38



terms of wealth accumulation in Norway given that the high-ranked group makes up

most of the top 20 percent of the individuals in this cohort and the group of risers

remains below them throughout the sample (consistent with the pattern of segmented

mobility in Figure 4 and 5).

These patterns result in a trend of declining intergenerational mobility along the

life cycle that mirrors the increasing trend of intragenerational mobility. We formalize

this in Appendix D, where we compute measures of rank persistence for the ranks of

individuals in our sample with respect to their parents’ wealth rank in 1993, analogous

to the ones we introduced in Section 3. We find that the correlation between individuals’

wealth ranks and their parents’ wealth ranks increases with age, so that individuals

become more similar in wealth to their parents as they age.

Interestingly, this trend of declining intergenerational mobility is common to all the

main groups, and particularly strong for the risers. In fact, the relationship between

parental- and own-ranks increases precisely when the reversal of fortunes of the risers

and fortunes takes place (right after age 35when the risers’ wealth rank starts to increase

and after age 45 when the fallers’ rank declines strongly). In this way, both the trend

of declining intergenerational mobility and the trend of increasing intragenerational

mobility are driven by the reversal of fortune of the middle groups.

Taken together, our results are consistent with the evidence on intergenerational

wealthmobilitymeasuredby rank-rankpersistence at fixed ages. LikeBoserup, Kopczuk,

and Kreiner (2017) we find increasing intergenerational persistence between ages 30

and 45, however, as we document above there is still considerable scope for wealth

mobility over people’s lifetimes. They are also consistent with the lifetime income

profiles of more educated people being steeper but also exhibiting more variance in

their slope (see, for example, Guvenen 2009). Finally, these results are in line with

prior works showing that both wealthier and more educated individuals save more on

average (Dynan, Skinner, and Zeldes 2004; Fagereng, Holm, Moll, and Natvik 2019) as
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well as results showing the importance of thesemargins in explaining lifetime inequality

(Huggett, Ventura, and Yaron 2011).

8. Robustness andmethod discussion

In this final section, we discuss the sensitivity of our results to a number of alternative

methodological choices. Reassuringly, we find that our results do not substantively

dependoneither the clustering algorithmwechoose to implement or the transformation

of wealth we use to capture individuals’ positions in the wealth distribution. Rather, we

find similar qualitative patterns of segmented wealth mobility for alternative clustering

algorithms and outcomes. In particular, we find similar patterns of mobility for the

typical trajectories of wealth ranks recovered with these alternative methods. We view

this as building credibility in our main results and the widespread applicability of the

method we propose.

8.1. Alternative clustering approaches

Several alternative procedures have been proposed to construct latent groups from a

sequence of realized outcomes. We briefly contrast our approach to two alternatives

with applications to economic data.

First, the agglomerative hierarchical clustering method we employ is closely related

to applications of Sequence Analysis tools that also approximate individual histories by

membership of a lower dimensional group.34 These tools are designed to summarize

paths (or sequences) of categorical outcomes. Our approach is better suited to the

continuous variation in wealth ranks we consider because (i) it avoids categorizing

ranks into arbitrary discrete groups and (ii) it lets us exploit the cardinality of our rank
34These tools originate in quantitative sociology (Dijkstra and Taris 1995; McVicar and Anyadike-Danes

2002; Dlouhy and Biemann 2015) and have been applied in economics (for example, Humphries 2022).
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measurements. Two individuals located at the 95th and 5th percentiles of the wealth

distribution are further apart than two individuals located at the 95th and 50th percentile

of the wealth distribution, for example. Accordingly, our approach captures both the

ordinal and cardinal information in wealth ranks.

K-means clustering is another popular alternative procedure to retrieve latent

groups from wealth rank histories (see Bonhomme and Manresa 2015; and Bonhomme,

Lamadon, and Manresa 2022 for a discussion of the method and derivation of its

asymptotic distribution). Conceptually, K-means clustering uses an alternative distance

metric to the one in equation (3), resulting in potentially distinct groups. We see

hierarchical clustering as offering two important advantages over K-means clustering

for large administrative datasets such as the one we analyze in this paper. First,

K-means clustering involves solving an optimization problem through local

optimization techniques that require many multi-start evaluations of the objective

function for a given number of groups G. While the solution is typically fast for a given

initial guess of the partition, the computational demands become substantial for a

large number of observations.35 Second, the procedure must be repeated whenever the

number of target groups G changes. By contrast, once the dissimilarity measure is

specified, hierarchical clustering recovers all optimal clusters for G ∈ {1, . . . ,N} as an

outcome of a global search for the sequential agglomeration of groups.

Our clustering procedure, Sequence Analysis, and K-means all generate partitions

of the set of individuals into disjoint groups. An alternative approach is to generate

probabilistic assignments of individuals to groups. For instance, Lewis, Melcangi, and

Pilossoph (2021) use a variation of the K-means algorithm to recover “fuzzy clusters”

from cross-sectional data. Relatedly, Ahn, Hobijn, and Şahin (2023) use a hiddenMarkov

chain model to identify latent types of workers and probabilistically assign observed
35Given the data security requirements for using datasets such as ours, there are limitations to the

computational resources we can access.
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workers to these types using the EM-algorithm.

8.2. Robustness to alternative clustering algorithm and clustering variable

The qualitative pattern of segmented mobility that we document is a robust feature of

the data. As we show in Figure 13, the mobility patterns we document emerge when

using transformations of wealth histories that place more weight on differences in

wealth levels, or when using household wealth ranks that take into account the role

of marriage and cohabitation.36 Similarly, our results are preserved when using the

K-means algorithm to cluster individuals.

We begin by performing two robustness exercises where we group individuals based

on their log-wealth histories and the trajectories of their “Lorenz” ordinates (which

we define shortly) using our baseline clustering method.37 The log-wealth is a concave

transformation of the wealth levels and magnifies differences for individuals with

relatively low levels of wealth, relative to those with high levels. The Lorenz ordinates,

given by an individual’s position in the cohort’s Lorenz curve,38 measures the distance

between individuals by the share of total wealth that lies between them. Formally,

yLorenzi,t =

∑
{j :wj ,t≤wi,t}wj ,t∑

j wj ,t
. (6)

This is a convex transformation of wealth ranks and hence magnifies differences

between individuals at the top of the distribution, making inequality more salient than

either wealth ranks or log-wealth.
36It is also not a mechanical result of clustering. Simulation exercises confirm that, as the number

of time periods increases, clustering recovers differences in the data generating process across groups.
This finding further highlights the importance of having a long panel of wealth histories to capture the
typical mobility patterns of the population.
37In both cases we bottom code wealth at 1,000 Norwegian Kroners to deal with negative values. Doing

this has the added effect of compressing differences at the bottom of the wealth distribution, making
those individuals look more alike when clustering.
38The Lorenz curvemaps each (ranked) individual to the cumulative share of wealth held by individuals

who are poorer than they are.
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smaller. By contrast, the Lorenz curve transformation makes the low-ranked group

much larger (as high wealth inequality makes the Lorenz curve flat at the bottom) and

the remaining groups smaller with a change in composition toward higher-ranked

individuals. Nevertheless, the patterns of the trajectories of each group are preserved.

In Figure 13C, we group individuals based on their household’s wealth rank. This

turns out to imply little changes for the resulting main groups. The main difference

is a slight compression in the gaps between groups. The changes are ultimately small,

in part, because the Norwegian tax registry already treats couples by dividing equally

the value of any joint assets, so there is little effect among married and cohabitating

individuals who make up about 80 percent of the sample throughout (see Figure 9A).

Finally, the exercise shown in Figure 13D groups individual wealth rank trajectories

with theK-means clustering algorithm.We set a number ofK = 4 groups for comparison

with our main exercise. The results are essentially the same as in our baseline, up to

someminor recomposition across groups. For example, the low-ranked group is smaller,

and, as a result, poorer on average, while some of its members are reclassified as fallers,

whose wealth rank profile also becomes on average lower.

9. Conclusion and directions for future research

In this paper, we used 25 years of administrative records on the wealth, income, and

other characteristics of Norwegians to study the life-cycle dynamics of wealth mobility.

We found intragenerational mobility increases along the life cycle, but most of it is

driven by two broad groups of individuals in the middle of the distribution that switch

position as they age. The flipside of this result is that wealth mobility is limited for many

individuals in the same birth cohort: 42 percent remain near the bottom of the wealth

distribution over their work life, while 21 percent are always near the top. We identified

these patterns by studying the dynamics of wealth accumulation for a full cohort of
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Norwegian residents, grouping them based on their realized trajectories across the

wealth distribution.

Our approach is uniquely suited to understand how frequent reversals of fortune

are, when they happen, and how persistent they are. Importantly, a snapshot of the

wealth distribution or a measure of wealth mobility computed on a shorter panel would

not contain enough information to recognize the differential paths of the risers and

fallers, or to establish that the high-ranked tend to only fluctuate around the upper part

of the wealth distribution throughout their lives. In this sense, our results complement

the extensive literature on wealth inequality and top wealth shares (Saez and Zucman

2016; Smith, Zidar, and Zwick 2022) and recent work on the dynamics of wealth for the

wealthiest (Gomez 2023; Ozkan, Hubmer, Salgado, and Halvorsen 2023).

We also showed that family background and education are key determinants of

life-cycle wealth paths, but many other observable and unobservable factors are also at

play. The groups we recovered display distinct profiles in terms of labor market

income, portfolio decisions, and business ownership. This exemplifies how our

clustering method provides a simple way of establishing relationships among these

many different variables and an individual’s wealth path. These relationships are, in

turn, of interest for the validation of life-cycle models of wealth accumulation, in

which these different mechanisms feature prominently.

Our results suggest several interesting directions for future work. We highlight

two. First, like most economies, Norway is characterized by a large degree of wealth

inequality. Yet, it is unclear whether the same wealth mobility patterns would arise

under less generouswelfare transfers, especially given our finding thatmany individuals

accumulate very little wealth as they age. A second interesting and related avenue would

be to relate wealth mobility to the incidence of wealth taxation over the life cycle.
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Appendix B. Additional results on typical trajectories

B.1. R2measures for partitions

We use three different measures of the R2 to determine the share of variation in wealth
rank trajectories explained by the clustering for a given partition into G > 1 groups. Our
measures, which decompose variation in ranks into variation within an individual’s
trajectory and variation between individuals’ trajectories, are

R2 =1 –
∑
i
∑
t( yi,t – ȳ

g(i)
t )2∑

i
∑
t( yi,t – ȳ)2

overall R2 (B.1)

R2between =1 –
∑
i( ỹi – ¯̃yg(i))2∑
i( ỹi – ¯̃yi)2

between R2 (B.2)

R2within =1 –
∑
i
∑
t(( yi,t – ỹi) – ( ȳ

g(i)
t – ¯̃yg(i)))2∑

i
∑
t(( yi,t – ỹi) – ( ȳ – ¯̃yi))2

within R2 (B.3)

The overall R2measures the share of variation in ranks relative to their unconditional
average over the longitudinal and cross-sectional dimensions, ȳ, explained by the
clusters’ typical trajectories, ȳg(i)t . We denote an individual’s assigned cluster by g(i).

The between R2measures the share of the cross-sectional variation in ranks (having
averaged over the longitudinal dimension of the panel) explained by the clusters’ typical
trajectories. For this we define ỹi =

∑
t yi,t/T as the within person average rank, ¯̃yi its

average across individuals, and ¯̃yg(i)i its average for cluster g(i).
The within R2 measures the share of the variation in ranks along the longitudinal

dimension of the panel explained by the clusters’ typical trajectories. For this we define
the deviation of an individual’s rank in time t relative to the own average rank as yi,t – ỹi
and contrast it with the population wide average deviation in ranks ȳ – ¯̃yi. This gives a
measure of the total within variation. The cluster’s deviation, ȳg(i)t – ¯̃yg(i), where ȳg(i)t is
the cross-sectional average of ranks for cluster g(i) in time t and ¯̃yg(i) is its average over
time is used to construct a measure of the explained within variation produced by the
clusters’ typical trajectories.

Figure B.1 presents the three R2 measures for the largest 100 clusters produced by
our agglomerative hierarchical clustering algorithm. With 100 clusters it is possible
(but not optimal) to group individuals based on their initial (or final) wealth rank and
trace their trajectories. Most of the increase in explanatory power takes place with the
first 20 clusters. As expected, the vast amount of variation in the data is hard to capture,
reflected by the lower value of the within R2 even when clusters increase. In contrast to
this, the between R2 reaches 0.8 with 4 clusters and close to 0.9 with 14, reflecting the
fact that even with few clusters, the wealth trajectories they generate are significantly
different and capture a large share of the overall variation in wealth mobility.
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B.4. Group characteristics for subgroups

Weprovide here additional results characterizing the subgroups of our fourmain groups,
described in Section 6.4. We describe the main patterns below.

The typical mobility patterns of these groups are presented in Figure 10 in the main
text. The corresponding typical wealth trajectories are in Figure B.7. The common
scale in the figure highlights the vast differences in net-worth across subgroups. These
are much larger than the differences across groups because of the “highest” group
among the high-ranked. The largest differences in debt are consequently concentrated
within the high-ranked group, with the largest increase in wealth being presented by
the “getting richer” subgroup. Among the risers there is convergence between the late
and early risers despite starting to accumulate wealth at different ages. For the low-
ranked, the lowest subgroup is the only one that has consistently negative net-worth,
hence the moniker of “debtors”. The “recovering” subgroup differs from the others
in its accumulation of property (as we see in Figure B.9). The differences among the
fallers are less pronounced. The early marriage/divorce group stands out because of
the accumulation of property (again, Figure B.9). This group’s moniker follows from its
household formation and dissolution dynamics.

Figures B.8 and B.10 present the composition of subgroup’s portfolio and income,
respectively. Once again the largest differences are in the high-ranked group, where the
“highest” subgroup has a much larger share of private assets and stocks than any other
group. Correspondingly, it also has the highest share of capital and self-employment
income among all subgroups. Interestingly, the “getting richer” subgroup is closer to the
subgroups of the risers in terms of its portfolio and income composition, even though
it does have larger shares of private assets and stocks and the income share of capital
and self-employment income increases faster for this group than for the risers. Most
other groups have high shares of property assets and labor income throughout.

In terms of the prevalence of self-employment, Figure B.11 shows that it is
concentrated among the subgroups that start highest in the wealth distribution: the
“highest” and “high” subgroups of the high-ranked and the “business fall” subgroup of
the fallers. These differences align with the patterns of portfolio and income
composition discussed above.

Finally, Figure B.12 reports educational attainment for all four main groups and
their subgroups. Risers (and their subgroups) have the highest educational attainment,
even when compared with the high-ranked subgroups. Tellingly, the subgroup with the
next highest education is the “getting richer” subgroup of the high-ranked; this is the
subgroup thatmost relies on labor income among those at the top. The contrast between
these groups and the subgroups of the fallers is also telling. None of the subgroups of
the fallers have postgraduate rates above 7 percent, while the risers have rates of at
least 10.5 percent. The differences are even larger for undergraduate degrees.
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individual’s initial wealth, the role of parental wealth and education declines. In
general, the point estimates for the average partial effects decline by 25–40 percent.
Figure C.3 reports the estimated average partial effects for our two key drivers (parental
wealth and educational attainment) under this alternative specification. Although
initial wealth absorbs some of the explanatory power of these variables, the predictions
remain significant and display the same qualitative patterns—confirming the relative
importance of education and parental wealth among risers and the high-ranked.

C.3. Relative predictive power of ex ante characteristics

Our results show that parental background and the individual’s initial conditions play
an important role in determining group membership. We now explore how each set of
ex ante covariates in Equation (5) helps to explain the variation across groups.

We use two measures to gauge the predictive power of the ex ante characteristics
of individuals. First, we measure the share of variation explained using the Distance-
Weighted Classification Rate

1 –
∑N
i=1

∑G
k=1 P̂r(g = k|Xi)d(g(i), k)∑N

i=1
∑G
k=1 P̂r(g = k)d(g(i), k)

, (C.1)

where d(g, g′) corresponds to Ward’s distance metric in equation (3).
The distance-weighted classification rate, which is bounded between 0 and 1,

corresponds to the average implied distance between an individual’s true group and
their predicted group P̂r(g = k|Xi) weighted against a naive predictor P̂r(g = k) that uses
a homogeneous random assignment. As the distances between disjoint groups are
positive, the numerator of the fraction in equation (C.1) can be interpreted similarly to
the residual sum of squares in the coefficient of determination, while the denominator
can be interpreted as the total sum of squares. Consequently, a value of one implies
perfect classification, while a value of zero implies that the covariates contain no
information. Because this measure considers the distance across groups, it penalizes
more strongly classifying a low-ranked as a high-ranked rather than as a faller.

The second measure we use is the Unweighted Classification Rate

1
N

N∑
i=1

G∑
k=1

P̂r
(
g = k |Xi

)
1[g(i) = k]. (C.2)

As with the first measure, this measure is between 0 and 1 by construction. Unlike the
first measure, this measure only cares about the rate of correctly classified individuals
relative to a naive predictor P̂r(g = k) that uses a homogeneous random assignment and
does not depend on the type of misclassification that takes place. In exchange, its units
are immediately interpretable as the (extra) share of correctly classified individuals
with respect to random assignment.

Tables C.1 reports the total contribution from our four groups of exante regressors to
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TABLE C.1. Predictive power of ex ante characteristics

(a) Share of distance variation explained by variable (pp)

Group All Partial Contribution
Effects Parent Education Sex Birth Place

All 5.91 41.28 39.11 13.47 6.14
High-Ranked 7.91 44.99 29.33 20.51 5.16
Low-Ranked 7.00 46.01 41.57 4.85 7.57
Middle-Rise 4.63 20.08 54.94 20.82 4.16
Middle-Fall 0.28 4.30 15.50 82.18 -1.98

(b) Share of individuals correctly classified (pp)

Group Random All Partial Contribution
Effects Parent Education Sex Birth Place

All 29.33 3.15 34.31 40.41 19.23 6.04
High-Ranked 21.03 4.40 41.08 23.57 30.52 4.83
Low-Ranked 42.51 3.34 45.28 44.33 3.24 7.15
Middle-Rise 20.91 3.52 12.58 50.14 33.59 3.70
Middle-Fall 15.55 0.73 11.88 47.63 25.83 14.67

Notes: The tables report the distance-weighted and unweighted probability of belonging to an
individual’s true group, across the cohort in row “All” and conditional on being in each of the four
main groups in the remaining rows. The distance corresponds to the measure in equation C.1. The
combined explanatory power of all covariates is reported in column “All”. The remaining columns
report the partial contribution of each variable category as a share (in percentage points) of their
combined explanatory power in column “All.” The classification model corresponds to our estimated
multinomial logit presented in equation (5). The explanatory power is computed relative to a naive
random classification, the classification rates for this model are reported in the bottom table under
the “Random” column. The partial contribution of each variable category is obtained through the
Shapley-Owen decomposition, which averages across permutations of decompositions and sums to
the total contribution, as described in Appendix E.

the distance-weighted and unweighted classification rates. We also report in each table
a decomposition of the partial contribution of each regressor using a Shapley-Owen
decomposition (Shorrocks 2013). This decomposition allows us to calculate a single
value per covariate category that is permutation-invariant and additively-decomposable
despite the nonlinearity of the object being decomposed (in this case, the classification
rates). We describe the Shapley-Owen-Shorrocks decomposition in Appendix E.

Consistent with the average partial effects we report in Figures 11 and 12, we find that
parental background and education account for the majority of the model’s explanatory
power, with a much more limited role for gender and place of birth. These results
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hold for the weighted and unweighted classification rates. We interpret this result as
evidence that observable ex ante characteristics matter for individual wealth mobility
over the life cycle.

Relative to the results we report in the main text, Table C.1 reveals an important
additional pattern. Although, on average, the discriminating power of education is lower
than that of the parental background, its ability to classify individuals is much more
consistently spread across groups. By contrast, parental background is most effective
at correctly classifying those at the extremes of the distribution (the high- and low-
ranked); it only has limited informational content for predicting those who will rise or
fall through the churn in the middle of the distribution. We view this as highlighting an
important notion of equality of opportunity: extreme comparisons point to inequality of
opportunity, but there is more equality of opportunity in the middle of the distribution.

We find that, on average, these covariates explain around 6 percent of our distance
measure. The share of variation explained by the variables in (5) is similar in magnitude
to the R2 values reported in intergenerational estimates of the rank correlation in
wealth—specifically to those for Norway, reported in Fagereng, Guiso, Malacrino, and
Pistaferri (2020); and for Denmark, reported in Boserup, Kopczuk, and Kreiner (2018).
The R2 for the U.S. in Charles and Hurst (2003), who use a sample of parent-child pairs
with positive wealth in both generations, are slightly higher.

Here, however we are attempting to explain 25-year long histories of individual
wealth holdings. Thus, we view this comparable magnitude as evidence for the success
of our procedure. Moreover, we take the explanatory power of ex ante variables as
showing that there is substantial variation in outcomes later in life that cannot be
captured by initial characteristics. This result is consistent with the existence of many
ex post factors (such as savings decisions, return risk, and labor market risk) that drive
wealth accumulation but are not predetermined at age 30.

Finally, it is worth noting that the relatively low explanatory power of observables
does not appear limited to our application to wealth mobility. For instance, Ahn,
Hobijn, and Şahin (2023), who recover latent worker groups from individual labor
market histories, also find that observable demographic characteristics have limited
explanatory power for group membership.

C.4. Explanatory power of additional covariates

Finally, we reproduce the exercise above, computing the distance-weighted and
unweighted classification rates of the estimated multinomial logit model (equation 5)
with the additional covariates described in Appendix C.2.

We present the results in Table C.2. The distanced-weighted classification rate
increases up to 20 percent, with the introduction of the individuals’ initial wealth
ventile accounting for 15 percentage points of the total classification rate. A similar
increase takes place for the unweighted classification rate that increases to 10.6 percent
(over the random classification rate of 29.3 percent). The individuals’ initial wealth
ventile accounts for 7.9 percentage points of the total classification rate. As we
discussed in Appendix C.2, we see the large role of initial wealth as being consistent
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with the patterns of segmented wealth mobility we document.
Importantly, while the partial contribution of parental wealth and education

decreases, these changes are moderate, particularly with respect to the large increase
in explanatory power afforded by the inclusion of the individuals’ initial position in the
wealth distribution. The (level) contribution of parental wealth and education to the
distance-weighted classification rate go down 33 and 14 percent, respectively, while the
overall explanatory power goes up 240 percent.

TABLE C.2. Predictive power of ex ante characteristics with additional covariates

Total Partial Contribution
Contribution Parent Education Sex Birth Place Par. Bus. Own State

Share of Distance Variation Explained by Variable (pp)

20.0 8.1 9.9 2.8 1.5 3.0 74.6

Share of Individuals Correctly Classified (pp)

10.6 7.2 10.7 4.0 1.7 2.5 73.9
Notes: The table reports the distance-weighted and unweighted probability of belonging to an
individual’s true group relative to a naive random classification with an unweighted classification rate
of 29.3 percent. The distance corresponds to the measure in equation C.1. The combined explanatory
power of all covariates is reported in column “Total Contribution.” The remaining columns report
the partial contribution of each variable category as a share (in percentage points) of their combined
explanatory power in column “Total Contribution.” The classification model corresponds to our
estimated multinomial logit presented in equation (5) with the additional covariates introduced in
Appendix C.2. The partial contribution of each variable category is obtained through the Shapley-
Owen decomposition, which averages across permutations of decompositions and sums to the total
contribution, as described in Appendix E.
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Appendix D. Declining intergenerational mobility

An additional important aspect of mobility, that has been frequently studied in the
literature, in particular, for income (see Deutscher and Mazumder 2023 for a recent
survey of different methodologies), is the extent to which the position in the
distribution of children reflects that of their parents. This measure is informative about
the intergenerational transmission of inequality and about equality of opportunity
more broadly.

Our data also allows us to study mobility from an intergenerational perspective,
which we show in Figure D.1. This Figure represents the same persistence measures
as Figure 2, but regressing the current rank of our individual of interest on the rank
of their parents when the individual was 30 years old. On average, this implies that we
study persistence of wealth with respect to the wealth of the parents when they were
55. For the rank correlation measure, we regress yi,t = αt + ρ

p
t y p(i),1993 + ui,t, where

y p(i),1993 is the maximum of individual i’s parents’ within-cohort wealth rank in 1993.
For the Shorrocks index, we compute the share of individuals who are in the same
wealth quintile as their parents were in 1993.

Interestingly, we find that the patterns of intergenerational persistence mirror
those of intragenerational persistence. Intergenerational mobility decreases with age,
captured by an increasing correlation between an individual’s rank and their parents’
rank. Put another way, we find that individuals become more similar in wealth to how
their parents were as they age. This suggests that parental background conditions
wealth trajectories beyond the level of initial wealth, as we explored in Section 7.
Interestingly, this pattern, as well as the magnitude of the parent-child rank-rank
correlation coefficient, are very similar to the ones reported by Boserup, Kopczuk, and
Kreiner (2017) in their study of intergenerational wealth mobility in Denmark.

Looking at the patterns of intergenerational mobility across groups (Figure D.2), we
observe smaller differences than in the case of intragenerational persistence (Figures 6
and B.2). For all groups, persistence rises over the life cycle; individuals in every group
becomes more similar to their parents in terms of wealth rank as they age. The level
differences are mostly parallel, with the exception of risers.

Notably, the wealth rank of risers is negatively correlated with that of their parents
at labor market entry. This correlation becomes positive over the life cycle. Thus, the
members of the risers start out looking less like their parents (relatively to other groups),
but they also converge faster to the wealth ranks of their parents over their lives.
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Appendix E. The Shapley-Owen-Shorrocks Decomposition

Given an arbitrary function Y = f (X1,X2, ...,Xn), the Shapley-Owen-Shorrocks
decomposition is a method to decompose the value of f (·) into each of its arguments
X1,X2, ...,Xn. Intuitively, the contribution of each argument if it were to be “removed”
from the function. However, because the function can be nonlinear, the order in which
the arguments are removed matters in general for the decomposition. The function f
can be the outcome of a regression, like the predicted values or sum of square
residuals, or the output of a structural model, such as a counterfactual value for a
variable given a list of model parameters or components, or a transformation of the
sample, for example the Gini coefficient.

The Shapley-Owen-Shorrocks decomposition is the unique decomposition
satisfying two important properties. First, the decomposition is exact decomposition
under addition, letting Cj denote the contribution of argument Xj to the value of the
function f (·),

n∑
j =1

Cj = f (X1,X2, ...,Xn), (E.1)

so that Cj/ f (·) can be interpreted as the proportion of f (.) that can be attributed to Xj .40

Second, the decomposition is symmetric with respect to the order of the arguments.
That is, the order in which the variable Xj is removed from f (·) does not alter the value
of Cj .

The decomposition that satisfies both those properties is

Cj =
n–1∑
k=0

(n – k – 1)!k!
n!

 ∑
s⊆Sk\{Xj }:|s|=k

[
f (s ∪ Xj ) – f (s)

] , (E.2)

where n is the total number of arguments in the original function f , Sk \ {Xj } is the set
of all “submodels” that contain k arguments and exclude argument Xj .41 For example,

Sn–1 \ Xn = f (X1,X2, ...,Xn–1)
S1 \ Xn = { f (X1), f (X2), ..., f (Xn–1)}.

40The interpretation holds as long as f is non-negative. If f can take negative values, then the
interpretation of Cj under the exact additive rule can be misleading as some arguments can have Cj < 0.
41We abuse notation here. A submodel is an evaluation of function f with only some of its arguments.

This language is motivated by the function corresponding in practice to the outcome of a regression or
structural model. Formally, when we write f (X1), we mean f (X1, ∅2, ..., ∅n), where we assume the j-th
argument of the function can always take on a null value denoted ∅j . In our regression example below,
this null value corresponds to a zero valued regressor or parameter. In the case of the structural model,
this null value can correspond to setting some parameters to a predetermined value or excluding certain
model components, like the adjustment of prices or a specific shock agents face.
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The decomposition in (E.2) accounts for all possible permutations of the
decomposition order. Thus, (n–k–1)!k!n! can be interpreted as the probability that one of
the particular submodel with k variables is randomly selected when all model sizes are
all equally likely. For example, if n = 3, there are submodels of size {0, 1, 2}. In particular,
there are 22 permutation of models that exclude each variable: {(0, 0)︸ ︷︷ ︸

k=0

, (1, 0), (0, 1)︸ ︷︷ ︸
k=1

, (1, 1)︸︷︷︸
k=2

}.

k = 0 :
(n – k – 1)!k!

n!
=
(3 – 0 – 1)!0!

3!
=
1
3

k = 1 :
(n – k – 1)!k!

n!
=
(3 – 1 – 1)!1!

3!
=
1
6

k = 2 :
(n – k – 1)!k!

n!
=
(3 – 2 – 1)!2!

3!
=
1
3

Nonlinear example

We illustrate the value of this decomposition with a simple nonlinear model including
n = 3 variables:

Y = f (X1,X2,X3) = β0 + β1X1 + β2X2 + β3X3X2. (E.3)

The objective is to decompose the value of Y into the contribution (or partial effect) of
each variable.
Removing X1

There are four possible models that exclude X1—one with no variable, two with one
variable, and one with two variables:

k = 0 : β0
k = 1 : {β0 + β2X2 , β0}
k = 2 : β0 + β2X2 + β3X3X2

In all four models, the partial effect of including X1 is always f (s ∪ X1) – f (s) = β1X1.
This reflects the fact that the order in which variables are included does not matter to
construct C1:

C1 =
2∑
k=0

(3 – k – 1)!k!
3!

 ∑
s⊆Sk\{X3}:|s|=k

[
f (s ∪ Xj ) – f (s)

] = β1X1 (E.4)

Thiswould be the same for any argumentXj entering linearly into f an arbitrary number
of variables: Y = f (X1,X2,X3,X4, ...,Xn) = β0 + β1X1 + β2X2 + β3X3X2 +

∑n
j =4 βj Xj . The

only difference is that the number of submodels grows exponentially, 2n–1, but the
partial effect of including Xj for some j ∈ {4, ...,n} is always Cj = βj Xj .
Removing X2

74



In this case, the partial effect can be decomposed into all the possible ways X2 can
be added into the model, f (s ∪ X2) – f (s), these are

k = 0 (∅1, ∅3) : β0 + β2X2 – β0 = β2X2
k = 1 (X1, ∅3) : β0 + β1X1 + β2X2 – (β0 + β1X1) = β2X2
k = 1 (∅1,X3) : β0 + β2X2 + β3X2X3 – β0 = β2X2 + β3X2X3
k = 2 (X1,X3) : β0 + β1X1 + β2X2 + β3X2X3 – (β0 + β1X1) = β2X2 + β3X2X3

Here, the partial effects of adding X2 are not the same across submodels because X2
enters nonlinearly into the original model. The symmetric property of the
decomposition takes care of this.

C2 =
1
3
β2X2︸ ︷︷ ︸
k=0

+
1
6
(β2X2) +

1
6
(β2X2 + β3X2X3)︸ ︷︷ ︸
k=1

+
1
3
(β2X2 + β3X2X3)︸ ︷︷ ︸

k=2

= β2X2 +
1
2
β3X2X3

(E.5)

The result is quite intuitive. β2X2 appears in all submodels; hence, its probability
of appearing in the decomposition is 1. β3X2X3 appears in two of the four submodels;
hence, its probability of appearing is 1/2. Weighting each term by its probability of
appearing in the decomposition ensures symmetry.
Removing X3

We proceed in the same way for X3 as we did for X2. There are four submodels. In
two of them, the effect of adding X3 is null, because X2 is not in the model. In the two
remaining submodels, the effect is β3X2X3. Hence,

C3 =
1
2
β3X2X3. (E.6)

Finally, we verify the decomposition:

C1 + C2 + C3 = β1X1 +
(
β2X2 +

1
2
β3X2X3

)
+
(
1
2
β3X2X3

)
= β1X1 + β2X2 + β3X2X3
= f (X1,X2,X3) – β0
= f (X1,X2,X3) – f (∅1, ∅2, ∅3).

Note: The decomposition is additive with respect to the reference “null” model
where none of the variables is included. This is made apparent in the previous result,
where the decomposition does not include the value of β0.
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R-Squared

Finally, we consider a decomposition of the coefficient of determination in the linear
model. Our use of the decomposition applies this for a nonlinear model (combining the
insights from this and the preceding example).

Consider a linear regression model with n regressors and i = 1, ...,M observations,

yi = x
′
iβ + ui = β0 +

n∑
j =1

βj xij + ui, (E.7)

and define the average value of y as y ≡
∑M

i=1 yi/M and the predicted value

ŷi = x
′
iβ̂ = β̂0 +

n∑
j =1

β̂j xij , (E.8)

where we assume that all regressors have zero mean so that β̂0 = y.
The function of interest is f (X1, . . . ,XK) = R2, defined as the explained sum of

squares SSE over the total sum of squares SST

R2(X1,X2, ..,Xn) =
SSE
SST

=
∑M
i=1( ŷi – y)

2∑M
i=1( yi – y)2

. (E.9)

This makes it clear that the function being decomposed is nonlinear even though the
model that generates it is itself linear.

Note: The reference value for the R2 in the Shapley-Owen-Shorrocks decomposition
is given by the model without regressors, satisfying

R2(∅) =
∑M
i (β̂0 – y)

2∑M
i ( yi – y)2

= 0, (E.10)

so that, in this case, the decomposition recovers the level of the R2 of the full model
(with all variables), unlike the previous example.

Details of the decomposition when n = 3 Consistent with the previous example,
we show the decomposition for n = 3 regressors. As before, we abuse notation by
only listing the arguments being included in each submodel. The contribution of each
variable is:

R21 =
1
3

[
R2(X1) – R2(∅)

]
+
1
6

([
R2(X1,X2) – R2(X2)

]
+
[
R2(X1,X3) – R2(X3)

])
+
1
3

[
R2(X1,X2,X3) – R2(X2,X3)

]
; (E.11)
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R22 =
1
3

[
R2(X2) – R2(∅)

]
+
1
6

([
R2(X1,X2) – R2(X1)

]
+
[
R2(X2,X3) – R2(X3)

])
+
1
3

[
R2(X1,X2,X3) – R2(X1,X3)

]
; (E.12)

R23 =
1
3

[
R2(X3) – R2(∅)

]
+
1
6

([
R2(X3,X2) – R2(X2)

]
+
[
R2(X1,X3) – R2(X1)

])
+
1
3

[
R2(X1,X2,X3) – R2(X2,X1)

]
. (E.13)

Summing across all the contributions we obtain back R2(X1,X2,X3),

R21 + R
2
2 + R

2
3 = R

2 = f (X1,X2,X3). (E.14)

Note: The value of the contribution differs from the standard definition of partial R-
squared. This is because the partial R-squared is an all-else-being-equal comparison of
excluding regressor Xj from the regression. It does not satisfy the exact decomposition
requirement or (when applied iteratively) the symmetry requirement.
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